We consider field theory on non-commutative superspace and non-commutative spacetime that arises on D-branes in Type II superstring theory in constant self-dual graviphoton and NS-NS B field background. N = 1 supersymmetric field theories on this noncommutative space ( these theories are called N = 1/2 supersymmetric theory ) can be reduced to supermatrix models as in hep-th/0303210 [1]. We take an appropriate commutative limit in these theories and show that holomorphic quantities in commutative field theories are equivalent to reduced models, including non-planar diagrams to which the graviphoton contributes. This is a new derivation of Dijkgraaf-Vafa theory including non-planar diagrams.
Introduction
Generally it is interesting and difficult to study what is the 1/N 2 correction in large-N reduced models [2] . We consider the 1/N 2 correction in Dijkgraaf-Vafa theory [3] in order to illuminate this problem in this paper.
The proof of Dijkgraaf-Vafa theory in N = 1 U(N) gauge theory coupled to one adjoint matter is given in [4] . It was shown there that the Schwinger-Dyson equations (the Konishi anomaly equations) of the field theory are equivalent to those of the associated matrix model for all holomorphic quantities. As a result, the field theory is equivalent to the associated matrix model as far as holomorphic quantities are concerned. The origin of this equivalence is shown in [1, 5] . This is a new large-N reduction in non-commutative superspace 2 . Field theories on non-commutative superspace and non-commutative spacetime are equivalent to supermatrix models [1, 10] . When we take these non-commutative parameters to zero in this theory, the field theories and supermatrix models are still equivalent for the holomorphic quantities.
Especially, the quantity 1/N 2 can be represented by the ratio of the non-commutative parameter of superspace to that of spacetime. As a result, an expansion with respect to 1/N 2 in the reduced model can be regarded as that with respect to these non-commutative parameters in the non-commutative field theory. When we take the commutative limit, if this ratio is held finite, the non-planar diagrams still contribute to the commutative field theory. Therefore we can understand the equivalence between the commutative field theory and the reduced model including the non-planar diagrams.
On the other hand, the non-commutative superspace [6, 7, 8, 9] and non-commutative spacetime [11, 12, 13] arises on D-branes in Type II superstring theory in constant selfdual graviphoton field strength F αβ and constant NS-NS B µν background [15] . The noncommutative parameters are given by these background fields. Then the quantity 1/N 2 in the reduced model is also expressed in terms of these background fields and the expansion with respect to 1/N 2 can be regarded as a development with respect to these fields. Then, it is possible to take an appropriate commutative limit. Under this limit, the commutative field theory exhibits finite non-planar diagrams to which the graviphoton contributes. This result reproduces analyses in [6, 14] .
The equivalence of the non-planar diagrams in DijkgraafVafa theory
We will show the equivalence between field theories and matrix models including the nonplanar diagrams in Dijkgraaf-Vafa theory.
Field theory on non-commutative superspace and supermatrix model
We consider N = 1 U(N) gauge theory coupled to one adjoint matter. The action is
where V denotes the vector superfield including the U(N) gauge field, W α denotes its field strength, Φ denotes a chiral superfield in the adjoint representation of U(N), W (x) denotes a polynomial potential and τ denotes a gauge coupling constant.
We consider this theory on non-commutative superspace and non-commutative spacetime described by:
Here γ αβ , C µν are c-numbers. In contrast to [1] ,θ is not non-commutative, since we will consider self-dual graviphoton background in Type II superstring theory in section 2.3 and this background produces non-commutativity only in θ. (This breaks the unitarity of this theory, however, we consider this theory in Euclidean space and ignore this problem.)
In order to construct the supersymmetric theory (2.1) on this non-commutative space, we regard each superfields as functions of y, θ andθ and expand them appropriately with respect to θ andθ as in [9] . (Anti-)chiral superfield can be expanded as
3) 4) and gauge fields can be expanded as
5)
Here γ µν = γ αβ ǫ βγ σ µν α γ , γ 2 = γ µν γ µν and we take Wess-Zumino gauge in the non-commutative theory [9] . Then, we can construct the field theory on the non-commutative space. In the holomorphic terms and the matter kinetic term of (2.1), we simply replace the standard products [16] with star products given by:
We need to treat the anti-holomorphic terms separately 3 . We regard the anti-chiral superfields as functions ofȳ = y − 2iθσθ andθ as in the first line of (2.4) . From (2.2),ȳ should have a non-commutativity different from y:
However, the second term is proportional toθ 2 and when one expands the star products forȳ with respect toθ 2 , the differences from the star products for y are a finite number of terms which are proportional to γ. Accordingly, these terms will disappear when we take the commutative limit γ → 0. Especially, these terms can be total derivatives in the Lagrangian in this model [9] . Thus, the non-commutativity ofȳ can be treated as that of y in the holomorphic terms. Consequently, we can construct the action (2.1) on the non-commutative 3 It should not be too serious, since our interest is in holomorphic terms.
superspace. Now, we reduce this field theory to a supermatrix model. We introduce some matrices corresponding to the non-commutative space.
[
Then, fields on the non-commutative space correspond to matrices as follows [1, 11, 13] ,
14)
The differential and integral operators are also mapped as follows, 18) where Str denotes a supertrace defined as in [1, 5] . Then, we can reduce the action (2.1) to
Here, the hat indicates that the superfield is reduced as in (2.14) and their component fields are reduced as in (2.13) 4 . The matter kinetic term and anti-holomorphic terms are functions ofθ.N is the infinite rank of the matrices and it is related to the bosonic non-commutativity C µν [1] . We introduce an appropriate dimensionful constant g m in the supermatrix model and can relate them to the non-commutative parameters as, 20) We can construct in this way a reduced model of the gauge theory (2.1) in a noncommutative space (2.2) which exhibits a different non-commutativity compared to the one studied in [1] .
Equivalence of the non-planar diagrams
We discuss the matter holomorphic terms of the action (2.19) . Since the holomorphy is broken on the non-commutative superspace (2.2), one may consider that it is nonsense to discuss only these terms. However, when one takes the commutative limit as will be explained below, the holomorphy is recovered. Then, the matter kinetic term, the antiholomorphic terms and the gauge kinetic terms are decoupled from the matter holomorphic terms. Exceptionally, the gauge field is coupled to them through the Konishi anomaly [17] . Accordingly, it is meaningful to consider the matter holomorphic terms in the noncommutative superspace. Therefore, we discuss the action:
and consider the associated non-commutative field theory,
We show the equivalence of correlation functions. We use (2.16), (2.18) , (2.20) and an equation [1] : 2.23) to derive the equation:
Here * ⋆ on the right hand side indicates that we evaluate this amplitude in the noncommutative theory (2.22) . This equation holds to all orders with respect to g m /N , since we do not consider the kinetic term. The left side can be expanded with respect to the powers
Correspondingly, this can be mapped to (2.26) This means that the supermatrix model is equivalent to the non-commutative field theory for non-planar diagrams of genus n. (2.27) This equivalence has been established on the non-commutative space. We are interested in studying this equivalence under the commutative limits,
When we take this limits, a δ 4 (0) singularity appears in equation (2.27) and we need to regularize it as follows [1] ,
Here i and j are gauge indices. The right hand side is the effect of the Konishi anomaly and the gauge field contributes to the matter holomorphic terms only through this anomaly.
(When we consider this theory as a low-energy theory of superstrings as in the next subsection, background graviphoton field strength and B field do not contribute to this anomaly [14] .) Using this regularization, we obtain
In this equation, the left hand side is of order g m /N 2n and the right hand side is of order (det γ/ det C) n compared to the leading order (planar diagrams). Therefore if det γ/ det C is finite, the contribution of non-planar diagrams in the field theory is finite, corresponding to the supermatrix model with finite g m /N.
The contribution of non-planar diagrams does not appear in the argument of [1] . The difference arises from the way of taking the commutative limit. Both θ andθ were noncommutative in [1] . There, the commutative limit was taken for θ andθ first and for y later, since it is not clear whether the theory is a field theory or not with finite values of γ and γ. On the other hand in this paper, we can take γ and C to zero while holding the ratio det γ/ det C fixed, since the theory is a field theory even with a finite γ. The limit in [1] thus corresponds to det γ/ det C = 0 in our limit. Accordingly, our argument is consistent with [1] .
Non-planar diagrams in a low-energy theory of superstring
The non-commutative space which we have considered can arise on D-branes in Type II superstring theory in constant self-dual graviphoton field strength F αβ and constant NS-NS B field background [6, 8, 9, 12] through, for example, calculation of hybrid formalism as in [18] , where
We take the limit α ′ → 0 while keeping a finite non-commutativity, so that the noncommutative parameters discussed in the previous subsections are related to F αβ and B µν as,
We can repeat the previous argument in this non-commutative space and derive a relation,
Now, we can try to take the commutative limit. If we simply take F αβ and B µν to be finite, the right side of (2.34) will diverge. We need to take an appropriate limit to hold this ratio finite. We choose to take the following limit, 
As a result, the g 2 m /N 2 expansion in the supermatrix model can be regarded as a F 2 expansion in the commutative field theory and the non-planar diagrams are a contribution of the graviphoton under this special limit.
Conclusion and discussion
We have shown the equivalence between the field theory and the supermatrix model including non-planar diagrams and understood how the graviphoton field strength and B field background contribute to these non-planar diagrams. Our approach can be regarded as a new way to derive Dijkgraaf-Vafa theory from superstring theory. It is interesting to compare our approach with the original Dijkgraaf-Vafa approach [3] .
Our argument is also applicable to the cases treated in [5] , and we can study how the non-planar diagrams contribute to field theories with gauge groups being the products of some unitary groups coupled to adjoint, bifundamental and/or fundamental matter.
Our result that the graviphoton contributes to the non-planar diagrams can also be derived from arguments using diagrams [6] or the Schwinger-Dyson equations [14] . These arguments use the C-deformation [6] : 1) and consider the theory on the commutative space. (This deformation undoes the noncommutative superspace.) Our non-commutative space approach and this C-deformation approach give the same result. These two approaches should be related in some way.
The meaning of the 1/N 2 correction is not clearly understood in general reduced models. We have shown how the graviphoton and B field, which are closed string background, contribute to the 1/N 2 corrections. It would be interesting to extend our approach to the graviton multiplet [19] and propose some relation between closed string theory and reduced models.
The relation between non-planar diagrams and the graviphoton has also been advocated in the N = 2 field theory context [20] . Our approach may be applied to these theories.
